FUNCTIONAL EQUATIONS

55. “Diflicult Crossing® Problems

As a continuation of the analysis of §32. where the Hitchcock-K -opmans
transportation problem was considered, let us discuss a type of —athema.
tical puzzle that appears frequently in books on mathematical rezr=ations,

A typical poser is the following:

“A group cousisting of three cannibals and three missionaries seeks to
eross a river. A boat is available which will hold two people, a=d which
can be navigated by any combination of cannibals and miisionaries
involving one or two people. If the missionaries on either side of <2 river,
or in the boat, are outnumbered at any time hv cannibals, the cannibals
will indulge in their anthropophagic tendencies and do away —ith the
missionaries. YWhat schedule of crossings ran be devised to permit the
entire group of cannibals and missionaries to cross the river safelvi™

In the next section we shall formulate the problem in mors zeneral
terms and then resolve it by means of the functional equation technigue.

3, General Problem

Let us now consider the more general situation in which we =art with
m, cannibals and #, missionaries on one side of the river and m, cannibals
and n, missionaries on the other. Let the rule be that on one bauk w= havea
constraint B, (m;, n;} > Oto prevent the missionaries from being de~ pured,
a similar constraint Ry{m,, #,) > ( on the other. and a constraint Rylm, n)
= 0 in the hoat, capable of carrying at most * people.

Given the integers m,, #,, m,, 7y, it is not at all elear when it is possible
to schedule a safe crossing. Consequently, we shall begin by treating the
following problem. Starting with the given initial data, what is the maxsi-
mum number of people that can be transported from one bank. sax bank
one, to the other, without permitting eannibalism?

57. Funciional Equations

Since the total number of cannibals and of missionaries stavs constant
throughout the process, the state of the system at any time is specified by
the numbers m, and =, defined abave.

Let us then introduce the funetion

(1) fy(my, n,) = the maximum number of people on the second bank at
the end of IV stages, starting with m, cannibal: and n,
missionaries on the first bank and quantities rw and =,
respectively on the second baunk.

We shall suppose that it is permissible at any stage to send no people
back to the first-bank from the second bauk if everybody is already on
the second bank.
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MULTIDIMENSIONAL ALLOCATION PROCESSES

One stage of the process consists of seuding #, cannibals and y, mission-
aries from the first bank to the second bank and then of sending =z,
cannibals and ¥, missionaries back to the first bank.

Using the principle of optimality, we obtain the recurrence relation

2 Sulmy, ny) = max fy_(m) — 2 + T, 8 — ¥ + %)
y

for N = 2, where the variables x,, x,, 3;, ¥, are subject to the constraints

3 (@ Oz <m, 0y <n,
h) O<a <mpg+ oy, 0wy <ny+ ¥y,
(¢) <k x by <k
{d) Ralmy, ) =0, Ra(wy, 4} =0,
(e) Bimy — 2,7 — i) =0,
(f) Bifmy —ay +mp,my —y; +30) =0,
{g) Bylmy + 2,0, 4 y) 20,
(h) Bylmg + 2y — @y g + 31 — 342) 2 0.

There are sets of =, &, ¥, ¥, satisfying these constraints, since by
assumption @, = x, = ¥, = y, = 0 satisfies them.
For ¥ = 1, we have

4) fl(m'l’ 7] = max [(mz + -'5]) + (nz + y;)]’

¥

where ), ¥, are subject to the foregoing constraints.

58. Discussion

For small values of N and of m,, m,, ny, »,, the values of f{my. n,) can
readily be computed by hand. In many cases, the constraints will be of
such restrictive type that there will be a unigue feasible policy, which
automatically will be the optimal policy,

"In the foregoing manner we simultaneously determine the minimum
number of crossings necessary for the transference of all the people from
one side of the bank to the other, whenever this is possible. To obtain this
minimum number, we continue the process until a value of NV is obtained
for which fyy = m;, + my + n, + n,.

59. Numerical Soluton

We illustrate the above algorithm by solving the problem stated in §55.
We first recognize that only certain initial states for the ¥ stage process
gre possible. All others lead to immediate cannibalism. If we let (4, }) be
the state of ¢ missionaries and j cannibals being on the starting bank of
the river and 3 - { missionaries and 3 — j cannibals on the second bank,
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then only the states {0, 1}, {1, 1), (3, 1), {0, 2}, (2, 2}, (3, 2}, (0, 3) and (3, 3)
are possible. We use the algorithm of §37 to compute

L0, )y =6, fi(1,1) =8, [,(3, 1) = 2, f,{0, 2} = 6,

fl(g’ 2) = 31 fl(g) 2) = 21 fl(o‘ 3) = 4) f1(3; 3) = 1.
Observing that if fi(7, /) = 6,f..(i,7) =6forl — 1,2, ..., weiterate the
recurrence relation for all non-six values and get

fal3, 1) =3, f(2,2) = 4,£,03,2) = 2, 50, 3) = 6, f4,(3, 3) = 2.
Continuing the process,
Fs3. 1) =4, f4(2,2) = 6, £4(3,2) =3, £,(3,3) = 2, f,(3, 1) = 6,
Ja(3,2) = 4, f4(3,3) = 3, [5(3,2) = 6, f5(3, 3) = 4, /(3. 3) = 6.
Therefore the required number of crossings, starting with 3 cannibals

and 3 missionaries on bank one, iz 6. The optimal policy is easily deter.
muned if the maximizing decision is recorded at each stage.

Comments and Bibliography

The problem of the maximization or minimization of a funciion of N
varizbles is one of the major questions of analysis and, quite naturaktv, an
enormous amount of effort has been devoted to it. Since we are interested only
in functions of quite special form, we have paid no attention te any of the
general technigues thal exist. For a discussion of the classical methed of
“steepest deacent,” see

P. C. Rosenbloom, “The method of steepest desesnt,”” Numerical Analysis,
Proceedings of the Sizth Symposium in Applied Muathematics, McGraw-Hill
Book Co., Ine., New York, 1936.

Many references will he found there. See also

J. Todd, “Motivation for working in numerical analysis,”” Comm. Pure
Appl. Math., vol. 13, 1955, pp. 97-116.

§14. For rigorous discussions of the fundamental notion of convexity, see

T. Bonessen and W, Fenchel, Theerie der Konvexen Korper, Ergebuisse der
Math., vol. 3, 1934,

H. G. Eggleston, Convarity, Cambridge Tracts No. 47, Cambridge University
Press, Cambridge, 19358,

For some analytic applications of the techniques of this section, see

E. ¥. Beckenbach and R. Bellman, Inequalitics, Frgcbnisse der Math.,
Springer, Berlin, 1981.

We use the duality of Euclidean geometry to provide a further decomposi-

tion of procesges. This property will be utilized again in the study of the cal-
eulus of varistions.

§15. For the interpretation of the Lagrange multiplier as a “prive,” see the
book by P. Samuelson referred to at the end of Chapter I, and Appendix 11
by 8. Dreyfus and M. Freimer.
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